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Nomenclature

Cp power coefficient

Cr thrust coefficient

(CX, CZ) (horizontal, vertical) component of
thrust coefficient

Cq mean profile drag coefficient of rotor
blades

D+ parasite drag of the fuselage

fo equivalent flat plate area for fuselage

fe ground effect factor

g gravitational acceleration

(h,x) (vertical, horizontal) position

Hgr rotor hub height when the helicopter is
on the ground

IR polar moment of inertia of the main
rotor

Kind induced power factor

m helicopter mass

mg reference mass

Pogl maximum OEI power available

Por main rotor profile power

Peg helicopter power required

Ps available shaft power

Pro one engine maximum normal takeoff
power

main rotor radius
main rotor thrust

(UC, LTt) normalized climb and tangential flow
components at the main rotor

Uo horizontal component of Vrogg or
VBLSs

(u,w) (horizontal, vertical) velocity
components

Uy, Uy normalized control variables

Y airspeed

(XCTO: XRTo)

(XfIEthXflIlto)

()0
()max
()min
Acronyms
AEO
BL

CL
CTO
FAA
JAA
LDP
OEl
RTO
TDP

takeoff safety speed

balked landing safety speed
airspeed at best rate of climb
induced velocity in ground effect

normalized uniform induced velocity of
the rotor

total runway length in (continued
takeoff, rejected takeoff)

airborne runway required from
optimization in (continued takeoff,
rejected takeoff)

thrust vector inclination

takeoff glide slope/approach angle
helicopter power efficient factor
air density

rotor solidity ratio

turboshaft engine time constant

angle between rotor wake and a vertical
reference line

main rotor angular speed
initial values at engine failure
maximum value allowed

minimum value allowed

all engine operating

balked landing

continued landing

continued takeoff

Federal Aviation Administration
Joint Aviation Authority
landing decision point

one engine inoperative

rejected takeoff

takeoff decision point



Optimal Trajectoriesfor the Helicopter in One-Engine-Inoperative
Terminal-Area Operations
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Summary

This paper presents a summary of a series of recent
analytical studies conducted to investigate one-engine-
inoperative (OEI) optimal control strategies and the
associated optimal trajectories for atwin engine heli-
copter in Category-A terminal-area operations. These
studies also examine the associated heliport size require-
ments and the maximum gross weight capability of the
helicopter. Using an eight states, two controls, augmented
point-mass model representative of the study helicopter,
continued takeoff (CTO), rejected takeoff (RTO), balked
landing (BL), and continued landing (CL) are investigated
for both vertical-takeoff-and-landing (VTOL) and short-
takeoff-and-landing (STOL ) terminal -area operations.
The formulation of the nonlinear optimal control prob-
lems with considerations for realistic constraints, solution
methods for the two-point boundary-value problem, a
new real-time generation method for the optimal OEI
trajectories, and the main results of this series of trajec-
tory optimization studies are presented. In particular, a
new balanced-weight concept for determining the takeoff
decision point for VTOL Category-A operationsis
proposed, extending the balanced-field length concept
used for STOL operations.

1. Introduction

Engine failure represents amajor safety concern to
helicopter operations, especialy in the critical flight
phases of takeoff and landing to or from small, confined
areas. As aresult, the JAA and the FAA both certificate
atransport helicopter with a gross weight of 2720 kg
(6000 Ib) or more as either Category-A or Category-B
according to the ahility to continue its operations follow-
ing engine failures (refs. 1 and 2). The Category-B certifi-
cation applies to either single engine or multiengine heli-
copters with gross weight less than 9070 kg (20,000 Ib),
and requires that a safe landing be possible in the event
that one or all engines become inoperative. Thereisno
requirement, however, for continued flight capability.

*University of Minnesota, Minneapolis, Minnesota.

In contrast, Category-A certification, which appliesto
multi-engine transport helicopters with independent
engine systems, requires that they have the capability to
continue the flight with one engine inoperative (OEI).
These stringent requirements, while permitting operations
from rooftops and oil rigs, and flight to areas where no
emergency landing sites are available, significantly
restrict the payload of a Category-A transport helicopter
to avalue safe for continued flight as well as for landing
with one engine inoperative. Typical Category-A heli-
copter takeoff and landing procedures are shown in
figures 1 and 2, respectively, for short takeoff and landing
(STOL) to or from a clear heliport and for vertical takeoff
and landing (VTOL) to or from an elevated helipad.
Specifically, in atakeoff flight (figs. 1(a) and 2(a)), the
pilot must continue the takeoff (CTO) if an engine failure
occurs at or after passing the takeoff decision point
(TDP), and should land, or reject the takeoff (RTO), if an
engine failure occurs at or before reaching the TDP. Ina
landing flight (figs. 1(b) and 2(b)), the pilot must continue
thelanding (CL) if an engine fails after the helicopter has
passed the Landing Decision Point (LDP). The pilot may
either continue or balk the landing (BL) if an engine
failure occurs at or before reaching the LDP. If no engine
fails, the helicopter simply proceeds with the all-engine-
operating (AEO) normal takeoff or landing. In VTOL
operations, confined helipads require that the helicopter
land back to the original takeoff point.

The current certification process involves extensive flight
tests, which are potentially dangerous, costly, and time
consuming. These tests require the pilot to simulate
engine failures at increasingly critical conditions. Flight
manual s based on these tests tend to provide very conser-
vative recommendations with regard to maximum takeoff
weight or required runway length. Usually, asingle TDP
or LDPisrecommended for all flight conditions. Asa
result, the pilot cannot trade favorable ambient conditions
or less takeoff weight for a shorter runway length.

Recently, efforts were made to address these important
issues. For Category-A VTOL operations, Lande (ref. 3)
experimentally investigated various takeoff and landing
procedures to or from oil rigsin the North Sea, including
static takeoff, dynamic takeoff, straight-in landing, and



sideway ascent/descent. Stevens and VVodege (refs. 4

and 5) developed a computer program for the certification
of Category-A helicopter VTOL operation. Goldenberg,
Medlin, Blondino, and Williams (ref. 6), and Wood,
Blondino, and Williams (ref. 7) investigated further the
use of the sideway procedure initiated previously by
Lande (ref. 3), for the M230 helicopter on an elevated
helipad. Some theoretical investigations have also been
performed. Okuno and Kawachi (ref. 8) studied VTOL
OEI optimal trajectories by minimizing the touchdown
impact speed in RTO, and by maximizing the minimum
dtitude in CTO flyout. Sharma, Zhao, and Chen (ref. 9)
conducted an OEI trajectory optimization study for the
sideway Category-A operation previously investigated
experimentally by Lande (ref. 3), Goldenberg (ref. 6), and
Wood (ref. 7). Optimal Category-A VTOL operation,
including a backup takeoff procedure, was also recently
investigated by Zhao, Jhemi, and Chen (ref. 10).

Research efforts were also made to better understand
Category-A STOL operations. Saal and Cole (ref. 11)
conducted an extensive flight test with the S76B to
investigate the merit of variable TDP and Vrpss. Cerbe
and Reichert (ref. 12) conducted an analytical study to
investigate optimal Category-A takeoff flight for the
BO-105 helicopter using a static power-required field
model. Okuno and Kawachi (ref. 8) studied choices of the
TDP velocity and takeoff slope for runway length reduc-
tion using nonlinear optimal control theory. Zhao and
Chen (ref. 13) determined Category-A takeoff trajectories
of aUH-60A helicopter to minimize runway length and
to maximize gross weight. Sharma (ref. 14), and Sharma,
Zhao, Chen, and Hindson (ref. 15) examined optimal
OEl trajectories associated with runway landing for the
UH-60A helicopter. Optimal control theories have al'so
been used to study landing procedures in autorotation
after al enginesfail (refs. 16-19). In addition, a new
method for real-time generation of optimal trajectories
was recently developed by Jhemi, Zhao, and Chen

(ref. 20) for providing timely display guidance to assist
the pilot in reducing his workload and to enhance the
safety of Category-A operations.

The main objective of this paper isto summarize the key
results of references 10, 13-15, and 20. These efforts
were made to enhance the understanding of the effects of
fundamental parameters associated with Category-A
VTOL and STOL operations. There are four primary
concernsin these studies: (1) safety, (2) payload capa-
bility, (3) heliport size, and (4) rea-time generation of
optimal trgjectories. In the sections that follow, the heli-
copter modeling, the formulation of the nonlinear optimal
control problems with realistic constraints considered, the
solution methods for the two-point-boundary-val ue prob-
lem thus formulated, and the new real-time generation

method for the optimal OEI trajectories are discussed.
Finally, the main results of this series of trgjectory
optimization studies are summarized.

2. Helicopter Model and Equations of Motion

An augmented two-dimensional, point-mass model for
the UH-60A helicopter, as schematically depicted in
figure 3, isused for this series of trajectory optimization
studies (refs. 10 and 13-15). The governing equations are
summarized below:

miv = mg - p{ 2| QR2C, = pfew u? +w? ()

mil = p(nRz)(QR)zcx —% phau2 + w2 @

|RQO = P - % o[ R R)%cp ®
h=-w 4
X=u %)

where the thrust coefficients are defined as
Cr = T/p(nRZ)(QR)Z (6)
Cx =Crsinf ©
C, =Cycosp (8

The airspeed and flightpath angle are

2

V=u? +w? ©

. W
= 10
siny ==y (10)

Time derivatives of Cy and C,, instead of Cy and C,
themselves, are used as control variablesto avoid
discontinuity at the point of engine failure. Also, first
order response dynamics for the contingency power
available are assumed for turboshaft engines.

Cy = Uy (11)

C,=u, (12)

P, = (o - ) (139
p

Thus, in this augmented point-mass model, there are eight
state variables: u, w, h, x, Cy, C,, Q, and Ps, and two
control variables: uyand u,, with helicopter mass, m,
and OEIl power available, Ryg|, playing the role of
control parameters. The initial OEI conditions for the



state variables are determined from the AEO takeoff or
landing path immediately prior to the engine failure.

The required power coefficient, Cp, in equation (3) is
calculated from the following equation:

IC ooy 1
Cp=Cr TT(KindfGVi +Uc)+§00d (14)

where

J. = usinf—wcospf

g, :ucosﬁ+wsm,8 (16)

and the normalized, induced velocity of therotor, i.e.,
normalized with the hover mean induced velocity, is
computed using

(15

v= 1 . (20 +37 + 012 >1 (179

Ut2 + (ljc +Vi )
= 60(0.373602 +0.5980; - 1.991), otherwise (17b)

Note that the rotor speed dynamics, equation (3), in the
above set of equationsis based on references 21. The
efficiency factor, n, in equation (3) accounts for the
power losses associated with tail rotor and transmission
(ref. 22). Equation (17b) from Johnson (ref. 17) isan
empirical approximation to the induced velocity in the
vortex-ring state. The momentum theory for the rotor
induced velocity, equation (17a), and the power-required
coefficient in equation (14) are discussed in detail in
references 23 and 24. Also, in equation (14), the term fg
accounts for the decrease in induced velocity due to
ground effect. In general, benefits of ground effect are
most pronounced at hover and decrease gradually as the
horizontal speed increases (ref. 25). The simple source
model of Cheeseman and Benett (ref. 26) to account for
ground effect in forward flight was used in this study

for smplicity, although there are some refinements
(refs. 27—29) to that model to include the effect of
recirculation. From reference 26,

2
fo=1- R? cos? 9W2 (18)
16(h+ HR)
where
2
-wWCt +VvC
cos? 6, = (twCr +1C;) (19)

(~wCr +vCy)? +(uCT +vCy)?

V= KijnavhVi fe (20)

The time constant associated with induced velocity
dynamicsisignored because it is much smaller compared
to the flight time associated with the critical phases of
takeoff and landing (see, for example, ref. 25).

The aerodynamic and structural limitations of the rotor
blades result in constraints on the rotor speed, the rotor
thrust, and the thrust angle.

Qmin < 2= Omax (21)
Qmin < Q < Omax (22)
Brin < B'< Bmax (23)

The OEI contingency power ratings are defined in terms
of the level and the duration. In lieu of the 30-sec/2-min
ratings, i.e., a 30-sec contingency power followed by a
2-min contingency power, which were proposed in
reference 30 and recently applied in reference 31, the
more traditional 2.5-min/30-min power ratings were used.
In this paper, we assume that the 2.5 min OEI power
rating is 110% of the AEO takeoff power rating, and the
30-min OEI power rating is 105% of the AEO takeoff
power. These are typical values based on existing engine
data. Therefore, upon a single engine failure, the maxi-
mum available power from the operating engineisthe
2.5-min power rating assumed at 1656 hp, followed by
the 30-min power at 1580 hp.

In this series of studies, the UH-60A helicopter (refs. 32
and 33) was used as the example helicopter. Thissingle
rotor helicopter is powered by two T-700-GE-700 turbo-
shaft engines. Some important parameters of this heli-
copter, compiled from references 27 and 33 as well asthe
parameters used in the optimization studies, are listed in
the Appendix.

3. Energy Considerations

Before discussing the formulation of the OEI trajectory
optimization problem for Category-A STOL and VTOL
operations using the helicopter model and equations of
motion described above, it isinstructive to consider first
the problem from an energy perspective.

Category-A operations involve energy management to
cope with the power deficiency resulting from loss of an
engine, trading various energy sources, and controlling
the rate of transfer among the levels of those energy
sources. Unlike fixed-wing aircraft, the helicopter has the
additional rotor rotational energy source to be utilized, in
addition to the usual kinetic and potential energy sources.
Thetotal energy of the helicopter is therefore given by
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The last term in the above equation accounts for the
energy associated with the rotation of the aircraft for the
two-dimensional case considered.

The power deficiency in an OEI situation, i.e., the power
available from the remaining engine(s) minus the heli-
copter power required, may be supplemented by a
reduction in the total energy to yield

Ry— Freq =Mgh + MW + 1RO+ 1,04 (25)

Conversely, in aflight condition where the available OEI
power exceeds the helicopter power required, the excess
power may be used to gain altitude, to increase speed, to
increase the rotor speed, or to change the flight direction.

Combining eguation (25) with equations (1) and (2), and
noting that the power required is the sum of the power
required for the main rotor, tail rotor/transmission, and
the helicopter parasite-drag power, which is (1/2) pfev3,
i.e,

Feq = P * Rr * Ppara

the following equation for the OEI power balanceis
obtained.

Ps = Py + Ry) + PR (QR)2(UC, — WC;)
. (26)
+1RQQ + 10

Equation (26), which provides a more complete aterna-
tive to equation (3) by including the power associated
with the changein flight direction, may be appropriate
when a complete six-degree-of-freedom rigid-body
helicopter model is employed in the optimization
analysis.

The helicopter power-required values for level flight at
sea level standard atmospheric conditions for the study
helicopter with anominal gross weight of 16,500 Ib are
shown in figure 4, along with the OEI contingency power
available. The power-required values were cal culated
from the augmented point-mass model, as described in
the previous section. They are compared with those
from a comprehensive blade-element simulation model
(ref. 33), which have previously been partially validated
with flight test data of the UH-60A helicopter (ref. 34).
Degpite its simplicity, the augmented point-mass model
matches fairly well with the blade-element model,
especially in the critical low-speed region in which the
OEI contingency power is deficient. The power required
exhibits the familiar shape with the minimum power
point located in the 70-80 kt region for the two models

at the flight conditions considered. Note that the OEI
contingency power becomes deficient when the airspeed
is below approximately 25 kt.

The power deficiency in thiscritical low-speed region
may be supplemented by drawing from the helicopter
potential and rotor rotational energy sources as shown in
the lower portion of figure 4. Shown in the figure are
three average power components. a 9% drop in rotor
RPM, a 25-ft drop in atitude, and a 10-kt decrease in
airspeed from various speed levels for a representative
5-sec maneuver. It isinteresting to note that the first two
power components are roughly equivalent, and they are
approxi mately equal to the third component at an
airspeed of 35 kt. Note also that the power deficiency
near hover flight conditions may be supplemented by the
combined use of the drop in the rotor RPM and in alti-
tude. Part of the energy from these two sources may also
be utilized to accel erate the helicopter towards the power-
excess region which begins at an airspeed of about 25 kt.
The first two sources of energy may then be replenished
asthe airspeed increases further.

Obtaining the precise control strategy to effect the energy
management, which involves the control of the level and
rate of those energy sources in consonance with the avail-
able OEI power and the required power, is the purpose of
the trgjectory optimization as formulated in the next
section.

4. Formulation of the OEI Trajectory
Optimization Problem

The OEI trgjectory optimization problem will be
formulated below for both VTOL and STOL operations,
and will involve the four elements of takeoff and landing,
i.e., rejected takeoff, continued takeoff, balked landing,
and continued landing. For simplicity, a representative
set of nominal AEO takeoff and landing paths was first
assumed. Although the choice of the AEO takeoff or
landing paths can affect the optimal OEI trajectories, the
method allows us to be concerned with only OEI portion
of the trajectories, not with the optimization of combined
AEO and OEl trgjectories.

4.1 Nominal AEO Takeoff and Landing Flightpaths

A.VTOL Case- The nominal AEO takeoff and landing
flightpaths are shown in figures 2(a) and 2(b), respec-
tively. These nominal AEO paths are selected based on
recommended procedures for the UH-60A and the Super
Pumahelicopter. In the nominal AEO takeoff path, the
helicopter begins with a 5-ft hover in ground effect.
Thisisthen followed by a steady linear backup climb



(y =150°, [y =5kt, V = 0) to the takeoff decision
point. At any point before the TDP, the horizontal
location is therefore given by

g = —v3(hp —95) 27

Around the TDP, the helicopter flies vertically up briefly
before climbing out.

In the nominal AEO landing, the helicopter approaches
the helipad with a constant glide path angle of —6°, and a
constant deceleration of —0.075 g. It has a speed of 35 kt
at h =100 ft and reaches zero speed at h = 25 ft. At 25 ft
above the surface of the helipad, the helicopter starts to
descend and lands vertically. The horizontal location is
therefore given by

T @)

B. STOL Case- The nominal AEO STOL takeoff and
landing paths are shown in figures 1(a) and 1(b). For
takeoff flight, useis made of Schmitz's procedure

(ref. 16) for aheavily loaded helicopter. The helicopter
begins with a hover in ground effect at 5 ft. It then accel -
erates horizontally at a constant 0.2 gto an airspeed \j.
At vy, the helicopter starts aclimb at a constant flight-
path angle, yq, while maintaining the constant airspeed.
During climb, the horizontal location at any point before
the TDP isthus given by

2
_ o ,ho-5 (29)

X0
04g tanyg

For the nominal AEO STOL landing path, it is assumed,
for simplicity, that the flightpath consists of steady flight
at constant airspeed, constant approach flightpath angle,

and 100% rotor speed.

4.2 Rejected Takeoff Flight and Continued Landing

A. VTOL- During a successful RTO, the helicopter
must return to the helipad and land safely. Therefore, the
optimal control problem is formulated to minimize the
dispersion of touchdown points, subject to specified
touchdown speed limits. With the takeoff point taken as
the origin, the following performance index isto be
minimized through the use of an optimal control strategy
for the two control variables, uy, u,, in the equations of
motion and state path-constraints (egs. (1) to (23)),

min J= Xz(tf) (30
subject to the terminal constraints:

h(tf ) =0 (31)

U(tf ) < Umax (32

W(tf ) < Wmax (33)

where t¢ isthetime at touchdown, which isto be
determined. The values of the touchdown safety speeds,
Umnax » Wmax » chosen for the study are 15 and 5 ft/sec,
respectively. With adeceleration level of —0.2g assumed,
the stopping distance after touchdown amounts to no
more than 17.5 ft.

Preliminary calculations indicate that equation (33) can
be either active or inactive, depending on helicopter gross
weight and initial conditions. Therefore, for consistency,
equation (33) is enforced as an equality.

B. STOL Cases- Two different performance indices are
considered for the rejected takeoff optimization in STOL
operations. They are (1) minimum runway length, and
(2) maximum takeoff weight, i.e.,

min J=x(tf) (34)
min  J =Wp/W (35)
where Wy is afixed, reference takeoff weight.

Again, the associated optimization problems are to find
the control strategiesfor uy, Uy, that minimize either the
performance index (egs. (34) or (35)), subject to the
equations of motion (egs. (1)—(20)), the state path-
constraints (egs. (21)—(23)), and the terminal constraints
(egs. (31)—33)) to achieve reasonable touchdown speeds.
For the STOL cases, the safe touchdown speeds,

Umax: Wmax » &re chosen to be 40 ft/sec, and 5 ft/sec,
respectively.

The trajectory optimization problems for the continued-
landing transition flight are formulated for VTOL and
STOL operations similar to those for the transition flight
during the rejected takeoff described above.

4.3 Continued Takeoff and Balked L anding Flight

A.VTOL- A continued OEI takeoff must be possible
after the failure of an engine at any point on or after the
TDP. FAA regulations specify that at the end of aCTO
transition flight, the helicopter achieves (1) a minimum of
35 ft above the takeoff surface (or above the sealevel in
the case of oil rig operations), (2) aminimum climb rate
of 100 fpm, and (3) a pre-selected takeoff safety speed,
Vross- Therequired terminal constraints are therefore

hltf) =35t (36)

—w|ts | 2100 fpm (37
(1)



u(tf > Up(W) (38)
(

)
tf)=o (39)
)

W
ifts)=o0 (40)
Q(tf ) =0 (41)

Equations (39) to (41) above are added to assure that a
steady-state flight condition is attained at the end of the
CTO transition. Note that U, in equation (38) isthe
horizontal component of Vross, and they are approxi-
mately equal, since the vertical velocity component
w(ts) asshownin equation (37) isvery small in com-
parison. equation (38) isincluded as aterminal constraint
to assure consistency between the OEI transition flight
and the steady OEI climb, which is a function of gross
weight and is obtained from the steady-state solution of
equations (1) to (3). Table 1 lists the relationship between
U, and the maximum gross weight in steady OEI climb
at the rate of 100 fpm, at the nominal rotor speed, and
with Pog = 1656 hp. Further details will be discussed
later.

In a continued takeoff, tradeoff exists among payload
capability, heliport adjacent space requirement, and
minimum altitude drop during the OEI transition flight
to a steady climb. For a given gross weight, two opti-
mization problems are therefore formulated for CTO
transition flight to minimize (1) the required runway
length, and (2) the altitude drop, both subject to the
equations of motion (egs. (1)—(20)), the state path-
congtraints (egs. (21)—23)), and the terminal constraints
(egs. (36)—(41)). Thetwo performance indices are,
respectively, equations (34) and (42a) shown below.

max min h(t) (42a)

To simplify numerical solutions, the performance index
(eg. (42a)) will be replaced by an approximate form given
by Johnson (ref. 36):

Lt
min J :ﬁo (Hret =)t

where q isan eveninteger and H,g isareference
atitude, well above the altitude trajectory. In this paper,
the values for these two parameters are: q=6 (or 8), and
Hyeg = hg +100 ft.

The optimization problems for balked landing (BL) are
formulated in the same way as those for CTO cases; the
balked landing safety speed, V| ss. is assumed to be
identical to Vross.

(42b)

B. STOL - Two optimization problems are considered
for the STOL continued takeoff flight. Thefirst isthe
minimum runway-length problem using the performance
index of equation (34). The second one is the maximum
takeoff weight in transition flight, using the performance
index (eg. (35)). The minimum runway-length problem
involves finding the control strategiesfor uy and u,
that minimize equation (34), subject to the equations

of motion (egs. (1)—(20)), the state path-constraints

(egs. (21)—(23)), and the terminal constraints

(egs. (36)—(41)). The maximum takeoff weight problem
involves minimizing the performance index (eg. (35)),
subject to equations (1)—(23), equations (36)—(41), and
the specified runway length, i.e.,

X(tf ) = Xgpecified (43)

Again, the optimization problems for the balked landing
flight are formulated identically to those for the CTO case

assuming Vg ss = Vross.

5. Methods of Solution and Numerical
Results

Obtaining the optimal flight trajectories for the OEI
transition flight from the point of engine failure to the
establishment of a steady climb or touchdown, as
formulated in the preceding section, requires that two
steady-state analyses are first performed to establish
initial conditions and the maximum gross weight that
would permit a continued flight.

As described previously, the helicopter states at the point
of engine failure on anominal AEO takeoff or landing
path are used as initial conditions for trajectory optimiza-
tions for the OEI transition flight. An assumption is made
that an engine failure occurs during a steady climb or
descent portion of the nominal AEO takeoff and landing
flightpaths which are described in section 4.1. The
maximum weight in a steady OEI climb is discussed
below.

5.1 Maximum Weight in Steady OEI Climb

The OEI climb requirements determine the maximum
takeoff weight which is meaningful for the whole
Category-A operation. Therefore, maximum takeoff
weightsin the OEI climbout are examined using the
steady-state equations of equations (1)—(3). There are two
segmentsin OEI climbout as shown in figure 1. In the
first segment, from an altitude of 35 ft to at least 100 ft,
the helicopter must be able to maintain a minimum climb
rate of 100 fpm at Vross or Vg ss with the 2.5 min OEI
power. For the second segment, from 100 to 1000 ft, the



helicopter must be able to accelerate from Vrgsg or
Vg ss to W and achieve a minimum rate of climb of
150 fpm at VA with the 30-min OEI power.

Figure 5, which is obtained from the steady-state solution
of equations (1) through (3), shows the maximum weight
as afunction of the horizontal velocity component of
Vross (or Vgl sg) inasteady climb. Three sets of
conditions are included: (1) Rog =110% AEO takeoff
power (1656 hp), 100 fpm climb rate, 100% rotor RPM;
(2) Pog) = 110%, 100 fpm climb rate, 91% RPM; and
(3) Pog = 105% (1580 hp), 150 fpm climb rate, and
100% RPM. Note that the maximum weight increases as
U, increases and reaches a pesk value at i, in amanner
consistent with the helicopter power required curve
shown in figure 3. Clearly, the helicopter must attain a
higher Vross (or Vg ss) in order to be capable of
carrying alarger payload in the OEI climbout. In this
series of studies, the value of U, examined ranges from
55 to 100 ft/sec. As shown in figure 5, the helicopter
flying in thisrange of U, is capable of carrying less
weight with 110% power than flying at VA with 105%
power. Therefore, the first climb segment, which is more
restrictive than the second segment, determines the
maximum gross weight capability in OEI climbout as
listedin table 1 for arange of U, values.

5.2 Numerical Solution Techniquesfor Trajectory
Optimization

The OEI trajectory optimization problems formulated in
section 4 are solved numerically using the Sequential
Gradient Restoration Algorithm (SGRA) developed by
Miele et al. (ref. 37), and coded by Zhao (ref. 38). This
algorithm provides a numerical technique to solve a
general nonlinear optimal control problem subject to
terminal and path constraints on states, controls, and
parameters. Since the SGRA only treats equality con-
straints, al the inequality constraints, equations (32),
(33), and (36) to (38), are transformed to equality
constraints using a slack variable method (ref. 39) by
adding a positive quantity on the appropriate side of the
inequality.

Proper choice of normalization and scaling of variables
are vital to the computational efficiency of the numerical
methods and to a successful convergence of the optimi-
zation problem. A well-scaled problem isonein which a
given order of magnitude changein any variable resultsin
the same order of magnitude change in the performance
index. The following normalization and scaling were
found to be satisfactory: all distances are normalized by
10R, and time by 100/ Qg  where Qg isthe nominal
rotor speed. Details of the scaled helicopter-dynamic

equations and constraints can be found in references 13
and 14.

Extensive trajectory optimization was conducted using
different initial guesses for states, controls, and param-
eters. In this paper, the results shown are for the following
initial guesses: all state variables are constant and equal to
their initial-time values; all control variables are also
constant at the point of engine failure. Convergence
criteria are selected such that further iterations will not
change the performance indices by more than 0.5%.

5.3 Numerical Results— Rejected Takeoff

A.VTOL- Typical control strategies and the associated
optimal trajectories for several rejected-takeoff transition
flights from a backup takeoff are shown in figures 6

and 7. These are solutions with the performance index of
equation (30). The backup AEO takeoff conditions are:
yo =150°, Vp =5kt; and Pog = 1656 hp. Figure 6
shows the effect of atitude at which the OEI occurs for
gross weight at 16,000 Ib. At these conditions and for the
range of altitudes examined, the helicopter can always
achieve successful RTOs to a close proximity of the
original takeoff point, within the safe touchdown speeds
of 5 ft/sec vertically and 15 ft/sec horizontally. Thisis
consistent with the OEI H-V diagram for the helicopter at
16,000 Ib. However, the touchdown point was found to
deviate the most from the original takeoff point when an
engine failure occurs at an altitude of 40-60 ft.

Immediately after engine failure, the optimal control
strategy isto rapidly tilt the thrust vector forward to its
10° limit to accel erate the aircraft. At the same time, the
thrust coefficient is increased to reduce the rotor speed

to itslower limit. These maneuvers reduce the power
reguirement significantly to accommodate the OEI power
available. When engine failure occurs at alower atitude,
the vertical descent rate and airspeed both reach the safety
limit values at the touchdown point. When an engine
fails at ahigher altitude, the helicopter has more time to
develop ahigher descent rate before touchdown, and the
airspeed reaches its peak during the RTO transition flight.
In this case, the thrust inclination is reversed (aircraft
pitched up) to reduce the airspeed and sink rate to meset
their safety limits at touchdown. The maneuver time
ranges from about 5 seconds to 15 seconds, depending on
the altitude at which the engine failure occurs.

The effect of engine-failure atitude on the variation of
rotor speed is also interesting. For higher engine-failure
altitudes, the helicopter can build up airspeed to reduce
the power requirement. This permits the rotor speed to
increase, after the initial reduction, to replenish the
rotational energy in therotor. This energy is then used



toward the end of the RTO transition flight to cushion the
landing. For lower failure altitudes, the helicopter does
not have enough altitude range to develop sufficient
airspeed for any significant reduction in power required;
the rotor speed therefore has to stay at the lower limit to
reduce profile power. The thrust coefficient increases
gradually until at the end of the transition flight where it
decreases, and the rotor speed increases owing to the
ground effect. In reality, however, the pilot would likely
increase collective pitch in the final seconds before
landing, deleting the rotor speed below its calculated
value.

Ground effect plays an important role in low speed
landing, especialy for helicopters with large rotors such
asthe study helicopter. In fact, calculations of the optimal
RTO trajectories are also made without including the
ground effect. Results indicate that thereis no feasible
solution for gross weight of 16,000 |b; a much lower
weight has to be used. Therefore, one should consider the
presence of ground effect in estimating the maximum
payload capability. For VTOL operations from a ground-
level confined heliport, ground effect is usually present.
On building-top helipads, however, the ground effect is
not always as pronounced, depending on the wind condi-
tions. For consistency, all optimal trgjectories of RTO and
CL in this paper are computed with ground effect
included.

Figure 7 shows the effect of helicopter gross weight

on the optimal RTO trajectoriesfor Pog = 1656 hp,

Vo =5kt, hg =40ft, yg = 150°, and with several gross
weight values ranging from 15,000 to 16,300 Ib. Exami-
nations of rotor-speed time histories in these optimal RTO
solutions reveal the gross weight capability of the heli-
copter for agiven OEI power level. For alarger gross
weight, the rotor speed stays at the lower limit for a
longer portion of the flight, and the final rotor speed is
lower. Also, both the airspeed and descent rate reach
higher peak values during the flight. No feasible solutions
can be obtained if the gross weight isincreased further. It
was found that the maximum gross weight is defined by a
rotor speed history that stays at the lower limit to the end
of RTO transition flight.

Investigations were also made using higher OEI power
levels and formulating the problem with an alternative
performance index to equation (30) to minimize touch-
down speeds with a constraint on touchdown point
location. As expected, the results indicate that a larger
limit of vertical descent rate or horizontal velocity
component at touchdown allows the helicopter to carry
more payload. However, the most effective way of
increasing gross weight capability is by increasing the
OEI contingency power available.

B. STOL— Minimum Runway Problem- Optimal
trajectories that minimize the runway length required
(eg. (34)) are shown in figure 8 for the OEI initial
conditionsof hg =20ft, yg =6°, and Vg = 60 ft/sec.
The safe touchdown vertical and horizontal speed limits
are 5 ft/sec and 40 ft/sec, respectively, and the gross
weight ranges from 18,500 to 19,500 Ib. The most
interesting feature of the minimum runway RTO is that
the optimal trajectories are relatively insensitive to the
variation in gross weight. This general characteristic was
also observed previoudly in the flight test with the S76B
helicopter reported in reference 11.

Upon an engine failure, the thrust coefficient is decreased
to reduce the power required; and at the same time, the
thrust vector is tilted backward to the specified maximum
limit of 10° to low down the helicopter in the horizontal
direction. After aninitial droop in the rotor speed dueto
the OEI power transient, the rotor speed peaks to reach
near its upper limit. Asthe helicopter approaches the
ground, the rotor rotational energy is utilized, through an
increase in the thrust coefficient, to arrest the sink rate to
meet the saf e touchdown speed limits. For the cases
shown with initial altitude of 20 ft, the maneuver timeis
on the order of 4 sec, dightly shorter for alighter weight
configuration. The corresponding minimum airborne
runway-length required in arejected takeoff is on the
order of 200 ft (atotal runway length of 324 ft including
the ground run). The rejected takeoff length increases as
theinitia altitude (at which an engine failure occurs)
increases as discussed in reference 13.

Notice that the gross weight capability for STOL RTO
transition flight is considerably higher than the maximum
weight in asteady OEI climb shown in table 1. Therefore,
the gross weight capability in STOL operations is deter-
mined by the CTO segment of the flight, rather than the
RTO segment. Because of a much lower speed region in
which the VTOL RTO segment operates, compared with
its STOL counterpart, the attendant higher power required
dictates a considerably lower gross weight capability for
the VTOL operation. This can be seenin figures 7 and 8.
Infact, in contrast to the STOL case, it isthe RTO seg-
ment of the flight, not the CTO, which limits the gross
weight capability in VTOL operations, as will be
discussed subsequently in the paper.

Maximum Takeoff Weight in STOL RTO— Numerical
optimization to maximize the RTO gross weight using

the performance index of equation (35) was conducted
(ref. 13). Extensive numerical runs using arange of

hg, Vg, and yq indicated that the maximum RTO weights
are between 21,000-23,000 Ib. Therefore, the maximum
takeoff weight in a Category-A runway (or STOL) takeoff
is determined by continued takeoff and climbout (table 1).



5.4 Continued Takeoff Flight

A. VTOL- Two optimization problems are investigated
for CTO transition flight: (1) minimization of the runway
length (eg. (34)), and the minimization of the maximum
atitude loss (eg. (42b)). The main characteristics of the
results are depicted in figures 9 and 10.

Figure 9 compares the optimal trajectories for the above
two different performance indices. The flight conditions
are W=16,5721b, Vg = 2 ft/sec, yg =90, and

U, = 46 ft/sec, with three values of theinitial altitude,

hg, a 100, 120, and 140 ft. For minimizing the maximum
atitude drop, the optimal trajectories have the identical
shape for all three different altitudes at which an engine
failure occurs. The control strategy isto rapidly tilt the
thrust vector forward to its 10° limit to increase the
forward speed, and to increase the collective (or thrust
coefficient) to decrease the rotor speed down to its lower
limit, trading all possible rotor rotational energy to gain
atitude and airspeed. Asthe power deficiency diminishes
with the increase in airspeed around 22 kt, the thrust
vector can be rotated backward, somewhat gradualy, to
reduce the rate of descent and to initiate a climb.

Optimal trajectories that minimize the runway length
behave differently for different initial altitude, as
expected. Astheinitial altitude increases, the tradeoff
between the potential energy and the rotor speed, and
thus the control strategy for the thrust coefficient, is more
apparent. The peak descent rate increases and the rotor
speed reaches higher values in the middle of the transition
flight. Toward the end of the CTO transition flight, the
thrust coefficient is increased more rapidly, thereby using
the rotational energy reserve of the rotor to arrest the sink
rate and then to meet the climb conditions. The control
strategy for the thrust inclination remains essentially the
same as that for the case of minimization of the maximum
atitude drop when the initial atitude changes, resulting in
amost identical behavior in airspeed. For all threeinitial
altitudes, the final atitude reaches the same value at 35 ft.
However, there is adlight reduction in both the maneuver
time and the horizontal distance from those of minimiza-
tion of the maximum altitude-loss case. The maneuver
time for these CTO transition flights is on the order of

14 sec.

The effect of gross weight on the optimal CTO trajec-
tories generated from the two performance indicesis also
evaluated, and the results are summarized in figure 10.

It illustrates the tradeoff between gross weight and the
vertical and horizontal space requirements. The OEI
conditions are the same as those shown in figure 9, except
that theinitial altitude isfixed at 100 ft, with three values
of gross weight set at 15,856, 16,209, and 16,572 |b (with
corresponding Uy = 38.75, 42.25, 45.75 ft/sec). For a

lighter weight, the helicopter can minimize the horizontal
distance required to achieve the desired steady OEI climb
at the expense of abigger atitude drop, or the altitude
drop can be minimized at the expense of requiring a
larger horizontal space. Asthe gross weight increases,
the requirement for achieving the desired OEI climb
conditions dominates the solution, and the difference
between the optimal trajectories generated from the two
performance indices becomes smaller and eventually
yieldsidentical solutions as the maximum gross weight
isreached. Further increase in gross weight capability is
possible through the use of a higher OEI power level, a
larger initial airspeed, or ahigher initial atitude and thus
alarger altitude drop range. Similarly, alower permis-
sible altitude to clear inaCTO, e.g., the 15 ft recently
recommended by the JAA instead of the 35 ft used in this
paper to meet the FAA rules, should increase somewhat
the gross weight capability, asfar as CTO is concerned.

Note that the above results are obtained using the initial
flightpath angle, yg = 90° starting from the added small
vertical climb segment near the TDP in the backup take-
off procedure (seefig. 2(a)). Without the addition of this
vertical segment, the initial condition for the glideslope
would be yg = 150°. If thisinitial condition is used,
optimal CTO trajectories will start with arearward
motion, similar to those shown in figures 6 and 7. The
pilot usually prefersto fly forward immediately following
an engine failure in the CTO transition flight, thus a brief
vertical climb segment around the TDPisincluded in the
nominal AEQ takeoff path. When yg = 150° is used, the
above conclusions are still valid, since the initia flight-
path angle does not have significant effect on the CTO
paths at low speed.

B.STOL-

Minimum Runway-L ength Problem: Extensive
trajectory optimization runs were made to investigate the
effects of initial states, Vp, hg, yq, and gross weight.
These represent the energy state and the power-required
level at the moment when an engine failure occurs.
Figure 11 shows the effect of the initial airspeed on the
optimal CTO trajectories that minimize the runway length
(eq. (34)) for hg =20ft, yg =6°, Qg =100%, with
Uy =70 ft/sec and W = 19,123 |b (see table 1). Upon an
engine failure, the optimal control strategy isto rapidly
tilt the thrust vector forward about 5° to initiate an
acceleration, and at the same time gradually increase the
thrust coefficient to reduce the rotor RPM to its lower
limit, hence reducing the power required to match the
available OEI power. In all but the largest initial-airspeed
case, which has a higher associated initial energy level,
the rotor speed stays at the lower limit for the entire CTO
transition flight. Asthe airspeed increases to within about



310 4 ft/sec of the desired final airspeed, the thrust vector
is gradually rotated back to initiate a climbout and to meet
the desired final conditions. The maneuver time for the
entire CTO transition flight lasts for about 7 to 12 sec,

and the horizontal distance ranges from about 480 to

840 ft, with the lowest initial-airspeed case taking the
longest time and covering the longest distance.

Thus, for agiven initial airspeed, \p, the higher the value
of Vross, the longer the runway length is required for
the CTO transition flight, although a higher speed
provides a higher gross weight capability in steady OEI
climbout (seetable 1). To determine a suitable value of
Vross for agiven value of \V, numerical experiments
were conducted by varying their differences with values
ranging from 5 to 20 ft/sec and with various initial
conditions. Results show that avalue of about 10 to

15 ft/sec provides a good compromise between the
required runway length and the gross weight capability.
Figure 12 shows a sample set of results using theinitial
conditions of \y =50 ft/sec, hg =20 ft, and yg = 5°.
The suitable range of AV =Vrosg — Vg = 10 to 15 ft/sec,
thus determined, appears to be consistent with the flight
manual instructions of the Super Puma (ref. 40). Based
on flight test results of the S76-B, reference 11 also
suggested that a 10-kt difference between Vross and Vg
is appropriate for achieving balanced field length.

Thus, an aternative way of minimizing the runway length
can be formulated with afixed value of Viross — Vo,
such as Vross = Vg +15 ft/sec, and minimizing the
runway length for various weights. This approach offers
consistency since the pilot does not have to adjust Viross
when the takeoff weight changes, asis required in the
preceding formulation. Results from this alternative
formulation are discussed in reference 13.

Maximum Takeoff Weight for CTO: The
maximum takeoff weight problem to maximize the
performance index (eqg. (35)) subject to the specified
length (eq. (43)) turns out to be adual of the minimum
runway problem for a given takeoff weight discussed
above. The specified takeoff weight in the minimum
runway-length problem is, in fact, the same as the solu-
tion to the maximum weight problem if the minimum
runway length obtained from the first problem is specified
for the second problem. Numerical solution of the optimal
trajectories from the two problems was found to be
amost identical in reference 13.

As the specified runway length decreases, the maximum
weight attainable for the OEI CTO transition flight also
decreases. As aresult, the maximum takeoff weight in
CTO isdetermined by the steady OEI climb requirements
if the runway length is sufficient, and is otherwise
determined by the available runway length.
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5.5 Balked Landing

Regulations require that a balked landing must be
possible for an engine failure occurring at and prior to

the landing decision point along the nominal AEO
landing path. The terminal conditions for a BL transition
flight are the same as for the CTO transition flight
described earlier, except for the use of the balked landing
safety speed, Vp| ss, instead of the takeoff safety speed,
Vross- However, the two safety speeds are often selected
to be the same.

A.VTOL- The results of balked landing optimal
trajectories are generally similar to those of continued
takeoff. However, balked landing results have some
unique characteristics. Due to a higher initial airspeed and
alower power required in adescent, a balked landing for
an engine failure occurring at a higher altitude provides
alarger gross weight capability compared with its
continued takeoff counterpart. Also, since the airspeed
decreases along the nominal AEO landing path, the
maximum gross weight possible in a balked landing
reduces significantly as the altitude decreases.

B. STOL- The optimal trajectories for the STOL balked
landing transition flights are again generally similar to
those of STOL continued takeoff. Figure 13 shows the
effect of the initial airspeed on the minimum runway-
length optimal BL trajectories for W = 19,123 Ib,

U, = 70 ft/sec, with the initial OEI flight conditions of
hg =125 ftand yg = —3°. Upon an engine failure, the
optimal control strategy isto rapidly tilt the thrust vector
forward, some 7° to 9° depending on the initial airspeed,
to accelerate the aircraft and reduce the power required.
At the same time, the thrust coefficient is increased to
reduce the rotor RPM to its lower limit, further reducing
the power required to accommodate the power loss. As
the airspeed increases, and thus the power required
decreases, the thrust vector is rotated back to initiate a
climbout and to meet the specified final conditions. The
transitional flight time is on the order of 8 sec. The
horizontal distance covered is about 530 ft.

Thisoptimal control strategy is very similar to that used
in the CTO case shown in figure 11. However, because
of the higher initial atitude and the attendant higher
potential energy for the BL case, the rotor rotational
energy is partially replenished during the ensuing
transition flight, and is then used to assist the climb. At
the end of the transition flight the rotor speed reaches the
lower limit, and the power required matches the power
available, thus establishing the desired steady OEI climb.



5.6 Continued Landing Flight

A.VTOL- Optimal trajectories that minimize the
heliport size requirement (eg. (30)) are calculated for
OEI-CL transition flight with various initial conditions.
Results show some features are significantly different
from those of the RTO counterpart in VTOL operations,
which are generated from the same performance index as
discussed previously.

Figure 14 shows a set of sample results with

W = 16,000 Ib, Pog; = 1656 hp, and yg =—6°. Because
of ahigher initial velocity associated with a higher initial
atitude along the AEO landing path, the optimal OEI-CL
trajectories are considerably different for an engine failure
occurring at different altitudes. Thisisaresult of the
difference not only in theinitial energy state (such asthe
case of RTO shown in fig. 6), but also in the power
required at the moment when an engine loses its power.
For example, at hg = 100 ft with the associated initial
airspeed, Vo= 59 ft/sec (or 35 kt), the power required on
the AEO landing path with a6° glideslope is less than the
OEIl power available for the gross weight of 16,000 Ib.
Since the OEI available power is assumed to automati-
cally increase to its maximum after an engine failure, the
helicopter experiences a power excess and has to increase
its power required to match the power available. Asa
result, the rotor speed increases. As shown in the figure, a
similar situation also occurs for theinitial conditions of
ho=80ft and V = 50.6 ft/sec. Astheinitial altitude and
airspeed decrease along the nominal AEO landing path,
the power required increases, and the optimal OEI CL
trajectories are gradually characterized by a power
deficiency, resembling those of the RTO shown in

figure 6. Thus, for the lower altitude and lower airspeed
cases, the rotor speed reduces to and stays at its lower
limit until near touchdown, where it increases due to the
ground effect. In actuality, however, the pilot would
likely increase the collective in the final seconds before
touchdown and reduce the rotor speed to below the
calculated value.

The maximum gross weight is limited by continued
landing at lower initial altitudes along the nominal AEO
landing path that was considered. In fact, no feasible
solutions can be obtained when the gross weight is
increased to 16,500 |b or higher for continued landing
starting at hg = 25 ft and V = 0. Gross weight capability
increases as the initial atitude and the associated initial
airspeed increase. This limitation is consistent with the
typical H-V diagram of a helicopter.

B. STOL - The landing decision point (LDP) is usually
chosen such that its necessary energy level, together with
its limited decreasing rate, permits a successful OEI-BL
flight. Asaresult, the LDP altitude is typically 100 ft or

higher, airspeed at LDPis usually a moderate 40 kt or so,
and rate of descent is limited to about 400 fpm or lower.
Because of the higher initial altitude together with a
lower power required in a descent, the OEI-CL trajec-
tories that minimize the runway length (eq. (34)) have
characteristics distinctively different fromits RTO
counterpart.

Figure 15 shows afamily of minimum runway OEI-CL
trajectories calculated for arange of gross weights with
theinitia conditions, hy = 125 ft, yg =—-3°, and

\p = 55 ft/sec. Compared with its RTO counterpart as
shownin figure 8, it is seen that, while the control
strategy for the thrust coefficient and thus the resulting
descent rate and rotor speed are generally similar, the
control strategy for the thrust inclination and the resulting
horizontal speed response are considerably different.
Because of the lower power required in a descent together
with ahigher energy level at the moment when an engine
failure occursin the case of OEI CL, thereis more
exchange taking place among the helicopter potential,
kinetic and rotor rotational energy sources. Thisis
reflected in the control reversals, especialy in the thrust
inclination. Unlike the RTO case, the change in gross
weight does alter significantly the time histories of the
control inclination and the attendant speed. The helicopter
has to maintain a higher airspeed during the transition
flight to carry aheavier load. For the conditions shown,
the CL transition flight timeis slightly over 8 sec,
depending on the gross weight, and is about twice as long
asthat of the RTO transition flight. It also covers alonger
horizontal distance, some 340 ft, and is about 70% longer
than that required for the RTO.

5.7 Conditions of the Decision Points

Definition of specific conditions of the takeoff

decision point and landing decision point requires a
comprehensive evaluation of the effects of weight,
altitude, temperature and wind conditions using a high-
fidelity mathematical model of the helicopter. While the
augmented point mass model used in this paper falls short
of meeting the requirements, it is useful, nevertheless, for
exploring the basic tradeoffs in Category-A terminal area
operations. Two concepts related to the choice of the
takeoff decision point for STOL and VTOL Category-A
operations are discussed in the following paragraphs.

Takeoff decision point — STOL— By combining the
results of CTO and RTO, someinsightsinto the choice
of the takeoff decision point can be obtained. Figure 16
shows such a combined plat, indicating the minimum
runway field lengths required for both the RTO and CTO
for the flight conditions at Vy = 50 ft/sec, W= 18,610 Ib,
and yg =5°, 7°, and 9°. The total runway lengths

11



required are calculated by combining the airborne seg-
ments (the AEO segment and the OEI transition flight
segment) and ground run in the case of RTO.

2
V ho -5
Xe1o = —2— + +X fty (44
CTO = 54 tenyo f Gto (fy (49
2.2
Vi +u hg -5
XRTO = 20— 4 +Xfro (F) (45
RTO 04g Yo fmo (fY)  (49)

The choice of decision height can now be made with the
aid of figure 16. For example, if one optsto use the
criterion of balanced field length (BFL), whereby the
RTO and CTO require the same runway length, TDP
atitude will be 23.5 ft for an initial flightpath angle of 5°.
Astheinitial flightpath angle increases, the TDP altitude
and the corresponding BFL decrease. Thisfigure can also
be used to determine the best TDP altitude for unbalanced
field length, if heliport configurations so dictate.

The choice of the TDP velocity affects both the runway
length and the gross weight capability. Since the CTO
flight segment determines the maximum takeoff weight
capability, a higher TDP velocity resultsin a higher
payload capability. However, this requires alonger
runway length.

Balanced-weight concept for TDP altitude- VTOL -
For a given OEI power and the specified AEO VTOL
flightpath, the gross weight capability is determined by
the rejected takeoff and the continued landing flight
phases. The maximum gross weight possiblein aRTO or
aCL islimited by the high power required at low speeds
and by the shape of the OEI H-V diagram. To land safely
on the helipad, the airspeed has to be low. As discussed
earlier, rejected takeoffs are most difficult for engine
failures occurring at a certain band of altitudes reflective
of the OEI H-V diagram. Once above thiscritical altitude
band, there is no advantage in locating the TDP altitude
very high, since it must be possible to achieve a safe RTO
at any point up to the TDP. However, from the perspec-
tive of the CTO or BL, gross weight capability is
increased with the increase in the TDP dtitude. Since the
takeoff gross weight capability is limited by the lower of
the maximum gross weights possible in the RTO or in the
CTO, it is proposed to use a“balanced-weight” criterion
for determining the TDP altitude. At this altitude, the
maximum gross weight in CTO is about the same as that
inRTO.

5.8 Real-Time Generation of Optimal Trajectories

Asdiscussed in the preceding section, the optimal control
strategies and the associated optimal trajectories are
sensitive to the initial conditions. It is achallenge, there-
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fore, to convey these optimal control strategies to assist
the pilot, in atimely fashion, to cope with the situation
when an engine failure occurs. Due to the large number of
states and constraints, numerical solutions usually take a
long time, even on a mainframe computer. The capability
to provide areliable real-time generation of optimal
trajectories on board the aircraft with limited computing
power and memory is extremely challenging.

A technique for real-time generation of approximate
optimal trajectories has recently been proposed (ref. 20)
based on curve-fitting and interpolation. First, the optimal
trajectories are solved off-line in amanner similar to that
described in this paper. These off-line computed optimal
trajectories are then approximated with a Fourier series.
Finally, the Fourier coefficients are interpolated with
multi-dimensional polynomials of initial conditions (i.e.,
ho, Vo, Yo, Qg) and the control parameters, W, Rog .
To facilitate this difficult interpolation process, a special
scheme was devised to reduce the multi-dimensional
fitting problem into several smaller independent problems
in anested fashion. Details are discussed in reference 20.

6. Conclusions

This paper summarizes some key results of a series of
trajectory optimization studies conducted to examine
basic characteristics of atwin engine helicopter in
Category-A, one-engine-inoperative, takeoff and landing
operations. Using an eight state, two controls, augmented
point-mass model representative of the study helicopter,
rejected takeoff, continued takeoff, balked landing, and
continued landing are investigated for both vertical
takeoff and landing to or from a helipad and short takeoff
and landing to or from a clear heliport. For VTOL opera-
tions, alinear backup procedure is assumed for normal
all-engine-operating takeoff, and a straight-in procedure
for normal landing. In rejected takeoff and continued
landing, optimal trajectories are calculated to minimize
the deviations of the touchdown point from the original
takeoff point, subject to safe touchdown speed limits. For
continued takeoff and balked landing, two performance
indices are considered: one minimizes the horizontal
distance, and the other minimizes the maximum altitude
drop. Both are subject to terminal constraints corre-
sponding to the steady OEI climb required by the FAA
regulations. In STOL operations, which use atypical
normal AEO takeoff and landing procedure, two trajec-
tory optimization problems are formulated for OEl
transitional flight: one to minimize the runway length
reguirements and another to maximize the takeoff weight.
Both are subject to appropriately specified terminal
conditions. The major results from these extensive
optimization studies show that:



1. The rejected takeoff and continued landing flight
phases determine the maximum gross weight capability
for VTOL Category-A operations. For STOL operations,
it is the continued takeoff and balked landing flight
phases that limit the gross weight capability.

2. In an OElI transitional flight, the optimal control
strategies are such that they maneuver the helicopter to
match the power required to the level of the OEI contin-
gency power available, along the way trading among the
helicopter’s potential, kinetic, and rotor rotational energy
Sources.

3. For aVTOL rejected takeoff, the typical optimal
control strategy after an engine failureisto tilt the thrust
vector forward initially to increase the airspeed and to
increase the thrust coefficient to reduce the rotor speed,
thereby reducing the power required. Subsequently, the
thrust vector istilted backward to arrest the sink rate and
reduce airspeed to satisfy the safe touchdown speeds. In
contrast, for a STOL RTO transitional flight, the thrust
vector istilted backward to its specified limit to reduce
the horizontal speed, and at the same time the collective is
reduced to increase the rotor speed. Collectiveisthen
increased to arrest the sink rate and to make use of the
rotor rotational energy for cushioning the landing. The
STOL RTO trgjectories are relatively insensitive to gross
weight variation. The RTO transitional flight istypically
very short, on the order of only 4 sec.

4. Upon an engine failurein aVTOL continued takeoff,
the optimal control strategy isto tilt the thrust vector
forward to its specified limit to accelerate the helicopter
toward Vross, and to increase the collective to reduce
the rotor speed to its lower limit, trading the rotor rota-
tional energy to gain airspeed and altitude. Depending on

how the collectiveis used and the rotor speed is managed,
one can trade off the horizontal distance required with the
maximum allowabl e atitude drop. Optimal control
strategies for STOL CTO are generally similar to those
for the VTOL counterpart; however, because of a higher
initial airspeed, the thrust vector istilted forward less than
inthe VTOL CTO case.

5. The balked landing and continued landing are generally
similar to CTO and RTO, respectively. However, because
of the lower power required associated with a descent,
coupled with a higher energy level at the moment when
an engine failure occurs, more energy exchange takes
place for atypical BL or CL, reflecting in more control
reversals, especialy in the thrust inclination.

6. A balanced field length concept can be used for
determining the takeoff-decision-point altitude for STOL
operations. Similarly, a balanced-weight concept can
serve as ameans of determining the TDP altitude for
VTOL operations. These concepts are described in
section 5.7.

7. The differential between Vrgss and the TDP airspeed
of 10 to 15 ft/sec is shown to be a desirable range from
the optimization studies, which is consistent with the
flight test results of the S76B and flight manual of the
Super Puma.

8. Ground effect is found to be important in trajectory
optimization for VTOL RTO and CL transitional flight
phases, especially in the determination of the maximum
gross weight capability.
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Appendix —Helicopter Parameters Used for p =0.002377 Slug/ft?, g = 32.2 ft/sec?, cq = 0.012,

Optimization Studies n =09, King =115, Bmax =10° Pmin =-10°%,
Ormax = 107%, Qppyin = 91%, Winay = 5 ft/sec,

The study helicopter has a maximum takeoff weight Umax = 15 ft/sec for VTOL and 40 ft/sec for STOL,

of 22,000 Ib and a maximum takeoff power of Tp = 15sec, P, =47.3hp, Rogy 110% = 1656 hp, and

3,086 shp. Other related parametersare: R = 26.83 ft, PoE! 105% = 1580 hp. The thrust constraints used in the

0 =0.0821, Qg = 27 red/sec, Cr, = 0.01846, optimizationsare; Ct_._ =0.002and Cr.__ = 0.025;

and | = 7,060 slug ft2. Parameter values used these limits are not encountered in the optimization

in the optimization studies are: fo = 30 ft2, process.

Table 1. Maximum weight in steady OEI climb
(Pog) = 1656 hp; SLS; climb rate = 100 fpm; 100%

RPM)
Uy, fps W, b
55 17,554
60 18,086
65 18,610
70 19,123
75 19,621
80 20,101
85 20,561
Q0 20,999
95 21,413
100 21,802
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Figure 1. Category-A clear heliport (or STOL) operation: (a) takeoff, (b) landing.
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Figure 2. Example VTOL Category-A operation: (a) backup takeoff, (b) landing.
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Figure 3. Point-mass helicopter model.
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Figure 14. Effect of initial altitude on optimal VTOL-CL trajectories: W = 16,000 Ib, Pog| = 1656 hp, yg =-6°, and \
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Figure 15. Effect of gross weight on minimum runway CL trajectories: hg = 125 ft, yg =-3° and V = 55 ft/sec.
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